Bloch band energy dispersion, microscopic trajectories, and the disorder scattering of particles are often intimately intertwined in determining magnetoresponse in real materials. We investigate the magnetic susceptibility (χ), the tangent of the Hall angle (tan θH ) and magnetoresistance in four different non-magnetic semimetals with high mobilities. We find that the temperature dependence of χ and the field dependence of the longitudinal and Hall resistivities allow us to deduce the origins of the non-saturating large magnetoresistance observed in these materials. In particular, the susceptibility and transport data for NbP and TaP are strongly indicative of these materials being uncompensated semimetals with linear dispersion, in which the non-saturating magnetoresistance arises due to guiding center motion. Meanwhile, the corresponding measurements on NbSb2 and TaSb2 suggest that these materials are compensated semimetals, with a magnetoresistance that emerges from charge compensation. Our results indicate how a combination of magnetotransport and susceptibility measurements may be used to categorize the increasingly ubiquitous non-saturating large magnetoresistance reported in topological semimetals.
Introduction Magnetoresistance (MR) and the Hall effect are versatile experimental probes in exploring electronic properties of materials, such as carrier density, mobility and the nature of scattering and disorder. In typical non-magnetic and semiconducting materials, the MR increases quadratically with applied transverse magnetic field and saturates to a constant value when the product of the applied field and the mobility (ν) approaches unity. Non-saturating MR is commonly attributed to the semiclassical two-band model, where electron-like and holelike carriers are nearly compensated [1] , resulting in rich magnetotransport characteristics that are strongly temperature (T ) and applied transverse magnetic field (H) dependent in non-magnetic compounds. A flurry of interest in non-saturating, H-linear MR [2] [3] [4] in narrow gap semiconductors led to two main theoretical accounts: (i) a two-dimensional simple 4-terminal resistor network model, where strong disorder/inhomogeneity of the sample manifest as charge and mobility fluctuations [5, 6] and (ii) the so-called 'quantum linear MR' which emerges in systems with linear band crossings when the lowest Landau level is occupied [7] . The former approach has provided a basis to engineer large magnetotransport responses via macroscopic inhomogeneities or disorder [8] [9] [10] . Meanwhile, the latter has remained rather elusive until recently.
Interest in non-saturating very large MR has exploded following the discovery of topological semimetals. These materials are regularly reported to exhibit record high non-saturating MR, known as extreme magnetoresistance (XMR) with unusually high mobilities for bulk systems [11] [12] [13] [14] [15] [16] [17] and relatively low residual resistivity ρ 0 . The proximity of the chemical potential to the charge neutrality point in semimetals allows the generic quadratic two band model to describes the MR and the Hall effect in reasonable levels [18] [19] [20] [21] [22] . However, a two band model of this form generically predicts a magnetoresistance that is quadratic in applied fields, whereas the materials frequently exhibit a magnetoresistance linear in applied field. While various theoretical proposals for H linear magnetoresistance have been advanced (see e.g. [7, [23] [24] [25] ) the origins of extreme magnetoresistance in topological semimetals remain unclear. As non-saturating, large MR becomes more ubiquitous, it becomes particularly urgent to identify a set of distinct attributes that enable the delineation of their separate microscopic origins.
In this article, we systematically examine the low field diamagnetic susceptibility (χ), the transverse MR, and the Hall effect as a function of T and H in 4 different semimetals with high mobility (ν ≥ 10 4 cm 2 /Vs) and very large non-saturating MR -NbP, TaP (phosphides), NbSb 2 , and TaSb 2 (antimonates). Characteristic parameters related to magnetic transport are summarized in Table 1 . We present two types of non-saturating large MR identified by the temperature (T ) dependence of diamagnetic susceptibility, χ(T ) and the H dependence of the Hall angle, tan θ H = ρxy ρxx = σxy σxx , where ρ xx and ρ xy are longitudinal and Hall resistivity respectively and σ xx and σ xy are corresponding conductivity.
One type of MR originates from the presence of smooth disorder that governs guiding center motion of charge car-riers. The linear H-dependence of this type arises from the squeezed trajectories of carriers in semi-classically large magnetic fields νB ≥ 1 (easily achieved in linearly dispersing topological semimetals, see e.g., Table S1 ), and does not require the involvement of multiple bands for the charge compensation. The other type of MR comes from charge compensation in the two band model and it accompanies other transport and magnetic characteristics within the conventional frame work.
Using a combination of magnetic susceptibility and magnetotransport measurements to interrogate the different facets of magneto-response, we are able to categorize the phosphides into the former and the antimonates the latter. Our results can be summarized as follows.
(1) In the phosphides, the magnitude of tan θ H saturates to a H-independent constant at low temperatures when H > H S 8 T, while ρ xx (T ) has a peculiar H dependent non-monotonic form. The measured MR defined as ∆ρ/ρ 0 ∝ H α at low T exhibits a crossover from quasilinear [α ∼ 1.5 ± 0.1] to linear [ α ∼ 1.0 ± 0.1], where the crossover field, H S is set by the scale at which tan θ H (H) saturates. In H > H S , MR remains linear in H up to µ 0 H = 31 T, the highest applied field in this study. Finally, χ(T )'s for the phosphides exhibit a pronounced minimum at T min . All of these features can be explained if we assume that the phosphides are semimetals with linear dispersion, even without invoking compensation, and that the magnetoresistance arises due to guiding center motion [see e.g. [24] for a recent discussion]. Moreover, χ(T ) allow us to extract doping levels relative to the charge neutrality point as fit parameters. (2) Meanwhile, in the antimonates, the Hall angle remains close to zero (< 10
−2 ) at all accessible fields in this study. The magnetoresistance is nearly quadratic in H from room temperature down to T = 0.3 K, obeying Kohler's rule. The field dependence of the Hall resistivity strongly deviates from linearity in the antimonates. The diamagnetic susceptibility for the antimonates is mostly T -independent. These features of the antimonates are archetypical for compensated semimetals with usual quadratic bands.
Methods Single crystals of NbP, TaP, NbSb 2 , and TaSb 2 were grown using the chemical vapor transport Residual resistivity ρ0 at zero field is reported at T = 2 K and ∆ρ/ρ0 = (ρ(H) − ρ0)/ρ0 and tan 2 θH at 0.3 K and µ0H = 15 T. method following known synthesis procedure [16, [26] [27] [28] . Standard electrical contacts were made directly on single crystals using Ag paint (Dupont 4966) with contact resistance ranges in ≤ 1 − 2 Ω. The magnetotransport measurements were performed with applied field perpendicular to the direction of current on the plane up to 31T down to 0.3 K. Magnetic susceptibilities of the samples were measured by the Magnetic Properties Measurements System by Quantum Design.
Results Magneto-transport Fig. 1 (a) and (b) display tan θ H as a function of H at T = 0.3 K. In the high field limit, the phosphides and the antimonates show sharply contrasting behavior: tan θ H for NbP and TaP reaches large values saturating to around 2.5 when H > H S 8 T, while it remains two orders of magnitude smaller for the antimonates (except near zero field). Strong Schubnikov-deHaas oscillations are apparent in both ρ xx and ρ xy , that generate spike-like features in the phosphides. In the antimonates, quantum oscillations emerge as well, but only in higher fields and the magnitudes are much smaller due to the smaller Fermi surfaces of the antimonates [29] [30] [31] .
The phosphides and antimonates also display contrasting T -dependence in Hall angle. Fig. 1(c) shows the temperature dependence of tan 2 θ H measured at µ 0 H = 7 T. Strikingly, tan θ H rises rapidly above unity with decreasing T around 100 K and 60 K, for NbP and TaP respectively. In contrast, the antimonates behave in the opposite fashion: upon decreasing temperature, tan θ H rapidly decreases, giving values two orders of magnitude smaller than the phosphides [Inset of Fig.1(c) ]. We note that small Hall angles are frequently found in conven- tional metals and semimetals [32] , as well as in a wide range of XMR materials with high mobility.
The field dependence of tan θ H plays a deciding role in determining magnetoresistance. For example, a fieldindependent tan θ H indicates the field dependence of ρ xx and ρ xy should have the same functional form. In uncompensated systems, ρ xy has an H-linear Hall contribution (i.e. ρ xy = µ 0 R H H where R H is the normal Hall coefficient) allowing a field independent tan θ H to imply a non-saturating H-linear ρ xx . This is exactly what we observe in the phosphides which exhibit H-linear ρ xy as well as H-linear ρ xx , see below.
Furthermore, large tan θ H can act to suppress resistivity and morph its T -dependence. To demonstrate this, we express ρ xx in terms of tan θ H and σ xx ,
where ρ xx ≡ 1 σxx . As evident in Eq. 1, when tan θ H ≥ 1 the inverse relation between σ xx and ρ xx no longer holds.
The effect of large tan θ H magnitude on ρ xx (T ) is particularly pronounced for NbP and TaP in Fig. 2(a-b) where the T dependence of ρ xx is plotted. These display an unusual non-monotonic behavior possessing a peak at a temperature that coincides with the onset of rapid increase of tan θ H [ Fig. 1(c) ]. Crucially, ρ xx [as defined in Eq. (1)] plotted as broken lines in the inset, deviates significantly from the measured ρ xx , reflecting the large values of tan θ H and the dominant role tan θ H has in ρ xx (T ).
NbSb 2 and TaSb 2 , however, display contrasting behavior plotted in lower two panels Fig. 2(c,d) . We first note that ρ xx (T ) initially exhibits a slight decrease in ρ xx as T is lowered until the sudden rise, mimicking a metal-insulator-like transition. This behavior is commonly observed in many XMR materials and ρ xx con- tinues increasing as T is lowered further. In contrast to (a,b), NbSb 2 and TaSb 2 , however, display ρ xx ≈ 1/σ xx as reflected by the near overlay of the broken-lines and solid lines in the inset. This is consistent with a small tan θ H 1. For all samples, the rapid rise in ρ xx at low temperatures corresponds to a plummeting σ xx .
We now turn to the magneto-resistance. We show Kohler's plots in Fig. 3 , and find that ∆ρ/ρ 0 ∝ H Magnetic susceptibility -In Fig. 5 , we plot the T dependence of the magnetic susceptibility in the low field limit. All four samples show negative susceptibilities, corresponding to diamagnetism. paramagnetism in all samples indicates that we do not have spin degenerate bands, and is strong evidence for spin-momentum locking, such that the magnetic susceptibility is dominated by orbital diamagnetism [34] . As we now discuss, the additional features can be well explained if we postulate that the phosphides are uncompensated semimetals with a linear dispersion, whereas the antimonates are compensated semimetals.
We discuss first the phosphides. In particular, we fit the χ(T )'s of phosphides to the result of orbital magnetism in a linear dispersion, which is obtained from energy minimization for the case of a simple linear band
where η is the standard Fermi-Dirac distribution function, 0 is a cut-off energy, µ the chemical potential measured from E F to the charge neutrality points and C is a constant in the order of unity. The data for NbP and TaP is well fit [ Fig.5 ] by an expression of this form. For NbP, we find one linear crossing point with µ = −40 meV, which is consistent with one of the reported locations of a Weyl points in NbP (−57 meV and +5 meV) [30] . For TaP, we find two crossing points, µ 1 = −51 meV and µ 2 = +11 meV. This is again remarkably consistent with the location of a pair of Weyl nodes reported in photoemission data at −40 and +20 meV [35] . The magnetic susceptibility data thus strongly suggests that the phosphides should be understood as uncompensated semimetals with linear dispersion.
This basic conjecture is also consistent with all our observed transport data on the phosphides. In particular, we note that in the presence of smooth disorder, guiding centers can diffuse in an unusual way to naturally lead to a H-linear ρ xx [23, 24] . This arises when cyclotron radius is smaller than the disorder correlation length (at large enough fields) enabling the guiding center trajectories to become squeezed along the field direction, and exhibit a σ xx that has a dominant 1/H dependence [24] . We note that this scenario (which is only operative for uncompensated semimetals with smooth disorder) also gives an H-linear ρ xy . Indeed, writing ρ xy can be in terms of σ xx and σ xy [24] , we obtain
where b 0 andb are system specific parameters [24] . In the large field limit, this yields H-linear ρ xy , while in the low field limit a cubic H-dependence arises. The solid line in Fig. 4 (a) is a fit to Eq.(3), and finds good agreement between data and this analytic form, with ne = 1.9 × 10
Additionally, these parameters confirm that 1/H-like dependence dominates σ xx for fields larger than several Tesla, as we find clearly in our our data.
Central to linear MR is a field independent tan θ H , consistent with observations on the phosphides at fields above H S 8 T [ Fig.1 ]. Specifically, when the cyclotron radius is smaller than the disorder correlation length, Ref. [24] estimates a tan θ H as
where µ is the chemical potential and V 0 is the disorder strength (typical fluctuation in local chemical potential).
Taking the values for µ from the magnetic susceptibility fit (for TaP taking the larger of the µ values, since the valley with larger Fermi surface will provide most of the carriers), we obtain V 0 ≈ 7 mV for NbP and V 0 ≈ 10 mV for TaP. We note that linear MR is expected to disappear for k B T V 0 [24] when inelastic scattering degrades the squeezed trajectories of guiding centers. These are expected to occur above a temperature scale or order of V0 k B ≈ 90 K and 120 K for NbP and TaP respectively. In NbP the estimated T scales are consistent with the T scale on which non-monotonicity is observed in Fig. 2 (a) and with the temperature dependence of the Kohler plots in Fig. 3(a) . In fact, these two T scales also corresponds to where tan θ H (T ) measured at H S begins to rise rapidly, [ Fig. 1(c) ]. In TaP, the observed temperature scale is around 60 K (instead of the expected 120K), however, we remind the reader that it is hard to cleanly separate out V 0 scale from MR, because other thermally activated scatterings become important at elevated temperature.
We can also extract the disorder correlation length (ξ) from the condition that the cyclotron radius (r C ) is of the same order as disorder correlation length at H S ≈ 8 T, above which tan θ H becomes field independent. At H = H S , the ξ ≈ r C = mv F eB for NbP and TaP are estimated to be 26 and 14 nm respectively, using for Fermi velocities (v F 's) the reported values [16, 29, 36] .
Meanwhile, a field independent tan θ H and an H-linear ρ xy automatically implies an H-linear magnetoresistance at high fields, consistent with Fig. 3 . Finally, the temperature dependence of ρ xx [ Fig.2 ] can also be understood within this framework. The key point to note is that these systems have linear dispersion with small doping, such that the density of states at the Fermi level is small, ∼ µ 2 . Increasing the temperature T allows the system to access states within k B T of the chemical potential, and (since the density of states grows rapidly with energy), greatly enhances the number of states that can participate in transport. We thus conclude that increasing temperature can increase σ xx through this density of states effect, consistent with the observed monotonic decline in ρ xx with increasing temperature [ Fig.2 insets] .
These, together, establish that all salient observed features of the phosphides can be explained by an uncompensated spin orbit locked semimetal with linear dispersion; this is corroborated by our linear MR-type magnetotransport expected from guiding center diffusion that is particularly pronounced in semimetals with linear dispersion [24] . Moreover, a systematic combination of thermodynamic and magnetotransport measurements can allow us to extract parameters such as chemical potential (or doping level) and typical disorder strength and correlation length. These enable to make a direct correspondence with a microscopic guiding center description, e.g., identification of fields above which linear MR dominates and identification of temperature scales below which tan θ H becomes large and H-independent.
The antimonates also exhibit diamagnetism, indicating that these materials are also spin-orbit coupled, but their magnetic susceptibility is not well fit by an expression of the type Eq. (2). Instead, the susceptibility is mostly temperature-independent, closer to the expectation for Landau diamagnetism for quadratic bands [34] . These materials also exhibit a magnetoresistance that is ∼ H 2 . These facts, as well as the smallness of tan θ H in the antimonates, are all well explained if we postulate that these systems are compensated semimetals described by a two band model [33] . In compensated semimetals, tan θ H is small, as long as mobilities of carriers remains in the similar range, and the magnetoresistance is ∼ H 2 , consistent with observation. The magnetoresistance is non-saturating for perfect compensation, but will eventually saturate at a value ∼ 1/δn 2 , where δn is the difference between electron and hole densities. We ascribe the lack of saturation of MR up to 31T to the systems being close enough to compensation that we do not hit the saturation value at experimentally accessible fields.
The field dependence of ρ xy is also informative. With small deviation from perfect compensation, one expects [33] that ρ xy ∼ H for systems with linear dispersion, but for quadratic dispersion one expects ρ xy ∼ H at low fields, with a crossover to ρ xy ∼ H 3 at higher fields. The data in Fig.4 is more consistent with the latter behavior, suggesting that the antimonates should be thought of as compensated semimetals with effectively quadratic dispersion (i.e. appreciable band curvature on the scale of the doping level). This conclusion is also consistent with the magnetic susceptibility data, which is reminiscent of the Landau diamagnetism of quadratic bands. The only remaining puzzle is the temperature dependence of the resistivity, which shows a non-monotonic behavior [ Fig.2 ]. The precise origins of this are presently unclear, but we speculate that the decrease of resistivity with increasing temperature at low temperatures is due to a density of states effect (similar to the phosphides), while the increase of resistivity with increasing temperature at higher temperatures is due to a temperature driven increase in scattering rates.
Summary We have investigated magneto-transport and magnetic susceptibility of four different semimetals. We find that the combination of susceptibility and magnetotransport measurements allows us to cleanly characterize the materials. The two phosphide materials that we study (NbP and TaP) are well described by a model of uncompensated semimetals with linear dispersion, wherein the magnetoresistance is well described by guiding center diffusion. The combination of measurements that we have made also allows us to extract the disorder strength and disorder correlation length in these materials, as well as the doping level. Meanwhile, the antimonates (NbSb 2 and TaSb 2 ) are well described as compensated semimetals governed by a two band model with effectively quadratic bands. The criteria reported here highlight a distinct set of traits for non-saturating MR and will serve as a primary touchstone to classify MR phenomena in materials, which in turn, will provide design principles for material platforms and devices for technological application. 
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S1.TWO BAND MODEL FITTING
We use the two band model to describe the Hall resistivity of NbSb 2 and TaSb 2 : 
and
where N i is the carrier density for holes or electrons and µ i is the corresponding mobility. The fit results can be seen in Fig. S1 , the parameters are given in Table S1 . From the fit parameters, it is clear that NbSb 2 and TaSb 2 are nearly compensated semimetals: their hole and electron carrier densities differ by fractions of a percent. It is not possible to fit the Hall resistivity for TaP and NbP to a two band model form (see Fig. S2(a) ). This is apparent from the low and high field limits of the two band model Hall resistivity. In the low field limit, the two band model exhibits H-linear leading order dependence. In the high field limit, it remains H-linear. The low field dependence of the phosphides is cubic, not linear, making it impossible to fit with the two band model.
S2. GUIDING CENTER DIFFUSION MODEL FITTING
We describe the Hall resistivity of NbP and TaP using the theory of guiding center diffusion in the presence of disorder from Song et. al. [S1] :
where b 0 andb are system specific parameters. The fit results to this form are pictured in Fig. S2 and the fit parameters are listed in Table S2 . This form of the Hall resistivity readily reproduces the low field H 3 behavior and high field H-linear behavior.
S3. MODEL HAMILTONIAN
In this section, we present the electron models with quadratic and linear dispersions. These models serve as the main objects in our later investigations of magnetoresistance and magnetic susceptibility.
As the simplest and the most common model for the descriptions of electronic behavior in materials, the Fermi gas is characterized by the dispersion energy
Here k is the momentum with magnitude k = |k|, and m is the mass of the electrons. Notice that = 1 is assumed. The effective velocity takes the form
Most of the magnetic properties of Fermi gas have been uncovered. Therefore, the Fermi gas serves as a good benchmark of our calculations before the investigations of Weyl and Luttinger semimetals. A natural generalization of quadratic dispersion to the two band model framework is provided by the Luttinger semimetal
where ε NP is the energy at the nodal point, and m is the effective mass nearby. The five components of d(k) are the l = 2 spherical harmonics
and the vector of gamma matrices Γ characterizes the 4 × 4 irreducible representations
ab . The dispersion energies exhibits two quadratic bands with 2-fold degeneracy on each band. The two energy bands are separated by a nodal point ε = ε NP at k = 0 in the Brillouin zone. The effective velocities on the two bands take opposite sign
The nodal points with linearly dispersing bands play important roles in recent developments of condensed matter physics. A material containing such nodal points with nondegenerate linear bands are called Weyl semimetals. The simplest minimal model for a Weyl point is
where ε NP is the energy at Weyl point, v is the effective velocity, and σ is a vector of the Pauli matrices. The model exhibits two linear bands
The effective velocities of the electrons on the two bands are given by
wherek = k/k.
S4. MAGNETORESISTANCE
In this section, we present the calculations of Boltzmann transport theory for the magnetoresistance. The results are exploited in the explanation of quadratic magnetoresistance in nearly compensated systems. The linear magnetoresistance, on the other hand, is described by the guiding center diffusion theory in Ref.
[S1].
S4.1 Boltzmann Transport Theory
In order to determine the DC magnetoresistance of the models, we calculate the response of electrons to the static electric and magnetic fields in the Boltzmann transport theory [S2] . Consider the probability distribution g k (r, t), which represents the probability density of an electron carrying momentum k in position r and time t. Assume that the electric and magnetic fields are infinitesimal, and the disorder in the system is weak. The transport properties of electrons can be described by the semiclassical Boltzmann equation
where I coll [g k ] is the collision integral. The classical equations of motion are provided aṡ
Imposing the steady state ∂ t g k = 0 and uniform ∇g k = 0 conditions, the Boltzmann equation becomes
We adopt the relaxation time approximation
where τ (ε) is the energy-dependent relaxation time, and δg k = g k − g eq is the displacement from equilibrium distribution dg eq /dt = 0. In the weak-field limit, the equilibrium distribution g eq is identified with the Fermi-Dirac distribution
where β = 1/k B T is the inverse temperature and k B = 1 is assumed. With infinitesimal electric field E, the equation Eq. (S16) can be linearized with respect to E
We derive an equation for the current density
where the equilibrium contribution is zero, by multiplying the linearized Boltzmann equation Eq. (S20) with ev k and integrate over the momentum space
We are interested in the systems with the energy bands isotropic about k = 0. The effective velocity can therefore be defined as v k = v kk . For any vector V = Vk n , an angular integral in momentum space can be simplified
which implies
The right hand side of Eq. (S22) is therefore simplified
and the proportionality to the electric field E can be observed. The integral on the left hand side of Eq. (S22) becomes
With the above calculations, the equation for current density Eq. (S22) reduces to
The remaining task is to deal with the integrals containing the distributions n F (ε; µ) and δg k . For simplicity, we deal with the zero temperature limit T = 0. The deviation of probability distribution δg k from equilibrium is localized near the chemical potential ε = µ, and n F (ε; µ) = −δ(ε − µ) reduces to a delta function. Assume that the magnetic field lies in the z direction B = Bẑ. The equation for current density Eq. (S33) becomes
where the outer product operator with respect to z direction is defined as
The right hand side can be further simplified
where
is the electron density. We arrive at the DC current equation
With the relation E = ρj, the resistivity tensor can be identified as
The exact form of the resistivity tensor ρ depends on the dispersion law and the relaxation time in each model.
S4.2 Fermi Gas
For the Fermi gas, the effective velocity Eq. (S5) implies v k /k = 1/m. The electron density n e is doubled since each momentum mode can contain two electrons. With the assumption of consant relaxation time τ (ε) = τ , the resistivity tensor takes the form
where ω c = eB/m is the cyclotron frequency. The result is consistent with that of the Drude model [S3] , where the longitudinal and Hall resistivities are
In the zero temperature limit, the magnetoresistance only acquires contributions from the Fermi surface. When the chemical potential is higher than the nodal point energy µ > ε NP , the resistivity tensor of the electron pocket is the same as that of the Fermi gas Eq. (S40). On the other hand, if the chemical potential is lower than the nodal point energy µ < ε NP , the hole carriers dominates the magnetoresistance. Denote the hole density by n h . With e h = e and m h = m, the resistivity tensor of hole pocket takes the form
S4.3b Two Nodal Points
When the system is composed of two Luttinger points at different energies ε NP1 and ε NP2 , more interesting characteristics of magnetoresistance can show up. Different locations of chemical potential can lead to different kinds of magnetoresistance. The simplest case happens when the chemical potential is above or below both nodal points. Since the charge carriers in the two pockets are of the same kind, the result is qualitatively similar to the Fermi gas. Amazing things happen when the chemical potential lies between the two nodal points ε NP1 < µ < ε NP2 [S3] . An electron pocket and a hole pocket show up in the system, which contribute to the electron and hole densities n e and n h . The effective electron density is defined as n eff = n e − n h . Assume that the effective mass near the two Luttinger points are the same. We calculate the magnetoresistance of the model in this setup.
The conductivity tensors for both pockets are derived by inversing the resistivity tensors Eq. (S40) and Eq. (S42)
To determine the total conductivity tensor of the system, we add the two conductivity tensors σ e and σ h
and the total resistivity tensor is then derived
The coefficient C is given by
With the resistivity tensor, the longitudinal and Hall resistivities can be identified as
Assume that the system is not compensated n eff = 0. The resistivities are dominated by different scaling forms when the system experiences different strengths of magnetic field. When the magnetic field is small, the resistivities acquires the approximate forms
The longitudinal resistivity has a quadratic scaling in the magnetic field B, and the Hall resistivity is linear in B.
As the magnetic field increases, the scaling form of resistivity changes. The quartic and cubic scaling dominate the longitudinal and Hall resistivities in the moderate magnetic field regime, respectively. In the high magnetic field regime, the resistivies becomes
The longitudinal resistivity saturates in the limit of high magnetic field, and the Hall resistivity becomes linear in B.
In the nearly compensated case n eff n e , n h , the low magnetic field scalings Eq. (S48) survive larger magnetic field due to the suppression of high order terms. More impressive phenomena happen when the system is perfectly compensated n e = n h = n, n eff = 0. In this case, the longitudinal and Hall resistivities are
While the longitudinal resistivity increases unboundedly with increasing magnetic field in a quadratic form, the Hall resistivity vanishes exactly.
S4.4 Weyl Semimetal

S4.4a Single Nodal Point
In the case of Weyl semimetal, the magnetoresistance is different from the Fermi gas due to the difference in dispersion law. Assume that the chemical potential µ is above the Weyl point energy µ > ε NP . For a shortrange impurity scattering potential, the energy-dependent relaxation time τ (ε) is determined from the first Born
where γ is a parameter depending on the impurities, and ν(ε) is the density of states
With
where κ = v 2 /6πγ is defined, the resistivity tensor at zero temperature is calculated from Eq. (S39)
The longitudinal and Hall resistivities can be read from the tensor ρ
When the chemical potential is lower than the Weyl point energy µ < ε NP , the hole pocket dominates the magnetoresistance. For the hole carriers, the charge e h = e is opposite to the electron charge −e. Hence, the resistivity tensor takes the form
S4.4b Two Nodal Points
As in the case of Luttinger semimetal, we consider a system which consists of two Weyl points at different energies ε NP1 and ε NP2 . When the chemical potential is above or below both Weyl points µ > ε NP1 , ε NP2 , the charge carriers in the two pockets are of the same kind, and the results are similar to those of the single Weyl point. As the chemical potential lies between the two nodal points ε NP1 < µ < ε NP2 , there exist an electron pocket and a hole pocket in the system, which provides nontrivial features of magnetoresistance. The electron and hole densities are denoted by n e and n h , and the effective electron density is defined as n eff = n e − n h . We assume the same impurity parameter γ for the two Weyl points.
The conductivity tensors for the two pockets are obtained by inversing the corresponding resistivity tensors Eq. (S54) and Eq. (S56)
We derive the total conductivity tensor by adding these two tensors
The resistivity tensor is the inverse of conductivity tensor σ
where the coefficient C is
The longitudinal and Hall resistivities are given by
Assume that the system is not compensated n eff = 0. The resistivities are dominated by different scaling forms when the system lies in different magnetic field regimes. When the magnetic field is small, the longitudinal resistivity acquires the approximate form
which has a quadratic scaling in the magnetic field B. The Hall resistivvity is linear in B ρ xy ≈ − B 4e
In the moderate magnetic field regime, the higher order scalings dominate the resistivities. In particular, the cubic scaling shows up and reverses the sign of the Hall resistivity when the magnetic field is large enough. In the high magnetic field regime, the longitudinal resistivity saturates
and the Hall resistivity is linear in the magnetic field B with a reversed sign
In the nearly compensated situation |n eff | n e , n h , the small field scaling survives larger magnetic field due to the suppression of high order terms. More impressive phenomena happen when the system is perfectly compensated n e = n h = n, n eff = 0. In this case, the longitudinal and Hall resistivities are
The longitudinal resistivity increases quadratically and is unbounded, while the Hall resistivity vanishes.
S5. MAGNETIC SUSCEPTIBILITY
In this section, we calculate the magnetic susceptibilities of the models that have been encountered [S5] . When a magnetic field B = Bẑ is introduced to these models, the energy spectra exhibit discrete energy levels, known as the Landau levels. These quantized energies are denoted by ε nkz , where n is the Landau level index and k z is the z component of momentum. Notice that we only deal with the orbital contribution to the susceptibility, which usually provides diamagnetic feature. The paramagnetic behavior resulting from Zeeman splitting of spin degeneracy is neglected in our investigations. Such treatment is valid especially for the Weyl semimetal, since there is no spin degeneracy to be split.
With the free energy
where l B = 1/ √ eB is the magnetic length and s is the spin index, the susceptibility can be identified as the second order derivative
For simplicity, we restrict the studies to the zero field limit B = 0 at finite temperature T > 0. The factor B provides potential elimination of the last two terms in the square bracket. However, there may exist divergence when k z = 0 and B = 0, which can lead to nonvanishing contributions. We will show that this issue does not happen for the models we consider.
S5.1 Fermi Gas
We first calculate the susceptibility of Fermi gas. The Landau level energy is
Notice that each orbital mode carries two electron states. Since the last two terms in the square bracket in Eq. (S75) always vanish as B → 0, the zero field susceptibility only acquires a contribution from the first term
The value of the infinite series can be determined from the Ramanujon summation 1 + 2 + 3 + · · · = −1/12. With the identity 
and can be written in terms of energy integral 
The zero field susceptibility can be regarded as a function of µ/T when the chemical potential µ is fixed. When the temperature is low µ/T 1, an increasing quadratic scaling can be determined from the Sommerfeld expansion. In the high temperature limit µ/T 1, a square root scaling χ ∼ −T 1/2 scaling appears. The turning point is located at a fixed µ/T T . Therefore, the turning point temperature T T is proportional to the chemical potential µ. This feature provides a potential way of determining the Fermi level in the materials. 
S 5.2 Luttinger Semimetal
For the Luttinger semimetal, the Landau level extends to the negative energy regime
The derivative ∂ε/∂B in Eq. (S75) acquires a negative sign in the negative energy Landau levels. Therefore, the zero field susceptibility for Luttinger semimetal takes the form
The integral for the negative energy part is divergent. To extract the relevant characteristics near the Fermi level and the nodal point energy, a cutoff ε 0 |µ − ε NP | of the energy scale is introduced to the integral
The square bracket can be reduced to a more explicit form n F (ε; µ − ε NP ) − n F (−ε; µ − ε NP ) = − sinh βε cosh β(µ − ε NP ) + cosh βε .
Notice that the negative energy part renders the integral positive, indicating a paramagnetic feature of susceptibility in the Luttinger semimetal. However, this effect might be an artifact of the chosen energy cutoff ε 0 . Whether the paramagnetic feature is realistic requires further investigations. Similar to the Fermi gas, the susceptibility manifests quadratic increase in the low temperature regime |µ−ε NP |/T 1 [ Fig. S3(b) ]. When the temperature is high |µ − ε NP |/T 1, the approximation cosh β(µ − ε NP ) ≈ 1 implies 
The integral is dominated by the upper bound βε 0 of the integral, indicating a scaling χ ∼ T −1 in the high temperature regime. A turning point shows up at certain temperature T T . Since the upper bound βε 0 is effectively infinite at moderate temperature, the zero field susceptibility can be regarded as a function of (µ − ε NP )/T as in the case of Fermi gas. Therefore, the turning point temperature T T is proportional to the deviation of chemical potential from the nodal point energy µ − ε NP .
S5.3 Weyl Semimetal
We first calculate the Landau level energy spectrum of the Weyl semimetal [S5] . With the definition of gauge field B = ∇ × A, the Hamiltonian Eq. (S11) becomes
The kinetic momentum π = k + eA satisfies the commutation relation [π x , π y ] = −ieB. To diagonalize the Hamiltonian, we consider the annihilation and creation operators
with the commutation relation [a, a † ] = 1. The Hamiltonian Eq. (S86) can be expressed in terms of a and a † H = ε NP + v
For |n| ≥ 1, the eigenstates at ±n-th level can be expressed with the basis {φ n−1 | ↑ , φ n | ↓ }, where φ n 's are the Landau level wavefunctions of 2D free electrons aφ n = √ nφ n−1 , a † φ n = √ n + 1φ n+1 .
